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1 Introduction 



During the last years an essential progress has been achieved in the investigation of inte- 
grable quantum field theories. Such a success owes much to the fact that these models are 
characterized by infinite dimensional Hopf algebra symmetries, known as affine quantum 
group symmetries. These symmetries are genereted by non-local conserved currents which 
in many cases can be constructed explicitly. Such an approach to the quantum field theory 
permits to obtain non-perturbative solutions in the quantum field theory using algebraic 
methods The situation is analogous to the one taking place in Conformal Field 

Theory (CFT). In particular, in CFT, as a result of the infinite-dimensional Virasoro 
algebra (or other extended algebras), exact solutions are successfully obtained with the 
help of the Ward identities 0. 

Explicit currents that generate a g-deformation of affine Kac-Moody algebras 
were constructed for the Sine-Gordon theory and its generalization to imaginary coupling 
affine Toda theory in , and shown to completely characterize the S"- matrices. At special 
values of the coupling where these quantum field theories have ordinary Lie group G 
invariance, the quantum affine symmetry becomes the G-Yangian symmetry [0,0. 

The affine quantum group invariance fixes the S'-matrices up to overall scalar factors, 
which in turn can be fixed using crossing symmetry, unitarity and analyticity. These quan- 
tum group invariant S'-matrices, which are the specializations of the i?-matrices satisfy 
the Yang-Baxter equation. 

In the present work a series of new integrable models is identified and its g-deformed 
structure is studied. In particular, the organization of the paper is as follows. In section H, 
a brief description of the minimal conformal models on hyper-elliptic surfaces which can 
be represented as two-sheet coverings of a ramified sphere is given. In section ^, a model of 
perturbed CFT is proposed; the relevant perturbation is the highest weight vector of the 
Virasoro algebra at the branching points. The characters of this model are calculated and 
the existence of an infinite series of Integrals of Motion (IMs) is proved; the integrability 
of the model is thus established. Furthermore, the /3-function of the model is calculated 
and it is shown that the theory is massive. In the last section, section ^ the non-local 
currents are constructed. These are related by non-trivial braiding relations which lead 
to the g-deformed algebra of the conserved charges of the model. 
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2 CFT on Hyper-Elliptic Surfaces 



Conformal field theories on compact Riemann surfaces, and in particular on hyper-elliptic 
surfaces, have been considered by many authors. One of the pioneering works on hyper- 
elliptic surfaces was Zamolodchikov's work for the Ashkin- Teller models another 



important contribution was Knizhnik's work [|TT| on two-loop calculations in string theory. 



Finally, in |T2|, the minimal models on hyper-elliptic surfaces were thoroughly discussed. 

Let r be a compact Riemann surface of genus g > 1. If F is a Riemann surface of an 
algebraic function y = y{z) given by the equation 

Riy, z) = y^ + ai(^)y"-i + . . . + a^iz) = , (2.1) 

where R{y, z) is a polynomial of the form shown above, then the affine part of F coincides 
with the complex algebraic curve (1,1) in in case this curve is ordinary (smooth). Of 
special importance to us is the example of hyper-elliptic curves given by equations of the 
form 

y^ = P2,+i{z) , (2.2) 

or 

= P2g+2{Z) , (2.3) 

where Ph{z)-, = 2(7 + 1, 2(7 + 2, is a polynomial of degree h without roots of multiplity h. 
In both cases, the genus of the corresponding Riemann surface is g. It is noteworthy that 
any Riemann surface of genus g = 1 or g = 2 has a representation in one of the forms 
( |2.2| ) or ( |2.3| ), while the same statement is not true for surfaces of genus g = 3. We label 
the two sheets of the Riemann surface F by the numbers / = 0, 1: 

2/«(z) = e^-' Pl^'iz) = e^-' n (z - w^Y^' . (2.4) 

i=l 

Let Aa, Bai a = 1, 2, . . . , (7 be the basic cycles of the surface. As we encircle the point Wi 
along the contours Aa, Ba, in the case of an Aa cycle we stay on the same sheet, while 
in the case of a Ba cycle we pass from the l-th sheet to the {I + l)-th one. We shall 
denote the process of encircling the points Wi on the cycles Aa, Ba by the symbols tta^, 
TTBa respectively. Here these generators form a group of monodromy that in our case of 
two-sheet covering of the sphere coincides with the Z2 group. 

We consider the energy-momentum tensor with representation T^''\z) on each of these 
sheets. The above definition of the monodromy properties along the cycles Aa, Ba im- 
plies that the following boundary conditions should be satisfied by the energy-momentum 
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tensor: 

7rA„T« = T«, ttb^tW = T('+^) . (2.5) 
It is convenient to pass to a basis, in which the operators iiAa, ^Ba ^i^re diagonal 

T = r^°^ + T^^^ , T~ = r^°^ — T^^^ , (2.6) 
= T , tiaJ- = T~ , (2.7) 
TiB^T = T , TIB J- = -T- . (2.8) 

The corresponding operator product expansions (OPEs) of the T, T~ fields can be de- 
termined by taking into account the OPEs of T'^^\ T^^\ On the same sheet, the OPEs 
of the two fields T^^\zi)T^^\z2) , are the same as that on the sphere, while on different 
sheets they do not correlate, i.e. T^''\zi)T^''~^^\z2) ~ reg. Thus, in the diagonal basis the 
OPEs can be found to be 



2T{Z2) ^ T'{Z2) 

2 Zi2 Z\2 



T{z,)T(zi) = ^ + ±±i;21 + i-llH + reg , (2,9) 



r-(.or-(--.) = ^ + ^ + ^ + ^eg, (2.10) 

^ Z\2 ^12 Z\2 

T{z,)T-{z2) = 4- ^"(^2) + ^^-^ + reg, (2.11) 

2^12 Zi2 

where c = 2c, and c is the central charge in the OPE of T^''\zi)T^''\z2) ■ It is seen from 
( |2.11| ) that T~ is primary field with respect to T. To write the algebra ( |2.9| )- (|2?T0| ) in the 
graded form we determine the mode expansion of T and T~: 

T(z)V(fc)(0) = J2 ^""'i^-n%)(0) , (2.12) 

raGZ 

T-(z)V(.)(0) = E ^""'"'^'^:nW2%)(0) ' (2-13) 



where k ranges over the values 0,1 and determines the parity sector in conformity with the 
boundary conditions ( p.7|) and ( |2.8|) . Standard calculations lead to the following algebra 
for the operators L_„ and LZn+k/2- 

[^m+fc/2> ^n+fc/2] = (m-n) Ln+m+k + T7:[{m + k/2f - (m + k/2)] 5n+m+kfi , (2.14) 



^m+fc/2' -^n+fc/2j " l'"- -^n+m+k -T 

[Lm, -f'n+fc/2] = [m-n - k/2] I/^+„+fc/2 • 
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satisfy the same relations and L„, Lm+k/2 



The operators L„, Lm+k/2, L^, 

^m+k/2 commute with L„, 

To describe the representations of the algebra ( 2.14 ), it is necessary to consider sep- 
arately the non- twisted sector with k = and the twisted sector sector with k = 1. In 
order to write the [V(^k)] representation of the algebra ( |2.14| ) in a more explicit form, it is 
convenient to consider the highest weight states. In the k = sector, the highest weight 
state I A, A~) is determined with the help of a primary field V(o) by means of the formula 



|A,A-) = \/(o)|0) . 
Using the definition of vacuum, it is easy to see that 



(2.15) 



:2.16) 



Lo|A, A-) = A|A, A") , L^|A, A") = A-|A, A") , 

L„|A, A-) = L-|A, A") = 0, n>l. 

In the k = 1 sector, we define the vector of highest weight |A) of the algebra to be 

|A) = \/(i)|0) , (2.17) 

where V(i) is a primary field with respect to T. In analogy with the non-twisted sector 
we obtain 

Lo|A) = A|A), L„|A) = L;_i/2|A) = 0, n>l. (2.18) 

Thus, the Verma module over the algebra ( |2.14 ) is obtained by the action of any number 
of L_m and LZm+k/2 operators with n, m > on the states (|2.15|) and ( p.l7| ). As was 
shown in ref. []T2[ by means of GKO (coset construction) method, the central charge of a 
reducible unitary representation of the algebra ( |2.14| ) has the form 



2 - 
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pip + 1) 



2c 



P = 3,4, 



(2.19) 



Using ref. |13], Dotsenko and Fateev [14| gave the complete solution for the minimal 
model correlation functions on the sphere. They were able to write down the integral 
representation for the conformal blocks of the chiral vertices in terms of the correlation 
functions of the vertex operators of a free bosonic scalar field $ coupled to a background 
charge oq. This construction has become known as the Coulomb Gas Formalism (CGF). 
In the present case, this approach is also applicable by considering a Coulomb gas for 
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(2.20) 



each sheet separately but coupled to the same bouckground charge: 

TW = -1(9,<I>«)2 + iao92$« , ($«(2)$('')(z')) = -5"' In \z - , 

where c = 2 — 2Aal or «o = ^f^PiP + !)■ 

Passing to the basis which diagonalizes the operators vr^^ , vr^^, i.e. 

$ = $(0) + $(1) , $- = $(0) - $(1) , 

tiaA^ = 9.$ , nB^d,<^ = 5,$ , (2.21) 

we finally obtain the bosonization rule for the operators T , T~ in the diagonal basis 

T = -i(a,<|.)2 + ^ao9>-^(9,$-)^ 



(2.22) 



In conventions of ref. [|T^], the vertex operator with charges a, (3 in the A; = (non-twisted) 
sector is given by 

V^p{z) = e*"*+^/3*- , (2.23) 

with conformal weights A = — 2aoa + and A~ = 2a(3 — 2ao/3. 

In the k = 1 (twisted) sector the situation is slightly different. Here we have an 
antiperiodic bosonic field $~, i.e. (^~{e^'^^z) = — this leads to the deformation of the 
geometry of space-time. If we recall that the circle is parametrized by $~ G S^[0,2'n'R], 
the condition <l>~ ~ — $~ means that pairs of points of have been identified. Thus, $~ 
lives on the orbifold S^/l^; under the identification $^ ~ — $~ the two points $~ = 
and $^ = |(27r_R) are fixed points. One can try to define the twist fields (Teiz), e = 0, 1, 
for the bosonic field $~, with respect to which $~ is antiperiodic. Notice that there is a 
separate twist field for each fixed point. The OPE of the current /~ = idz^~ with the 
field is then 

/-(^)a,(0) = 1^-1/2^,(0) + ... , 

(2.24) 

I-{z)aM = |^-'/V,(0) + 2z-y^am + ■■■ ■ 
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The twist fields (Xe and (3"^ are primary fields for the Torb = —\{dz^ Y with dimensions 
= 1/16 and = 9/16 respectively. So, in the twisted sector the highest weight 
vectors (or primary fields) can be written as follows 

= e^^^a, , AW = 7^ - 2«o7 + 4 • (2-25) 
' 16 

In ref . fl^ , the anomalous dimensions of the primary fields of the minimal models for the 
algebra ( p.l4| ) were obtained both in the non-twisted and twisted sectors in conformity 



with the spectrum of the central charge (|2.19| ); in particular, it was found that the charges 
a, f3, 7 of the primary fields corresponding to k = and k = 1 sectors have the form: 



nm ^ 2-n-n' , 2~m-m' 

^n'm' 2 + 2 



onm n~n' < m—m' 

Pn'm' 2 + 2 ' 

(2.26) 



1 < n,n' < p, 1 < m,m' < p — 1 , 
where the constants a± are expressed in terms of the background charge ao: 



a± = ao/2 ± ^ag/4 + 1/2 . (2.27) 

We denote the corresponding fields by V^^,^,, V^H and their conformal weights by A"^,, 
A(*) 

nm 

We can thus represent the CFT on a hyper-elliptic surface as a CFT on the plane with 
an additional symmetry, exactly as described by the algebra (|2.14| ). The corresponding 



highest weight vectors of the algebra are given by ( p.23| ) and ( |2.25| ); finally, the central 
charge is given by (|2.19|) . 

We will confine ourselves to the minimal models on hyper-elliptic surfaces as presented 
above; keeping this in mind we pass to the construction of perturbed models of these 
CFTs. 

3 Perturbation by V^!^ and Integrals of Motion 

Let Sp be the action the p-th conformal minimal model on the hyper-elliptic surface F 
5p[$,<l>"] ~ J d^z{d,^dj^ -iaom) + J d^zd,^-dj^- . (3.1) 
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We now consider the perturbation of this conformal field theory by the degenerate relevant 
operator V^^^. 

Sx = Sp[<l>, $-] + A J (fz e^T"-*(^'^) a,{z, z) . (3.2) 

The parameter A is a coupling constant with conformal weight (1 — A^*^^ , 1 — A^*^J. 

Obviously, for a generic perturbation the new action Sx does not describe an integrable 
model. We are going to choose the perturbation in a way that the corresponding field 
theory is integrable. To prove the integrability of this massive (this claim is proved at 
the end of the present section) theory, one must calculate the characters of the modules 
of the identity / and V^^- 

The "basic" currents T{z) and T^{z) generate an infinite-dimensional vector subspace 
A in the representation space. This subspace can be constructed by successive applications 
of the generators L_„ and Ll^ with n, m > to the identity operator I. A can be 
decomposed to a direct sum of eigenspaces of Lq, i.e. 

oo 

A = 0A, , LoA, = sA, . (3.3) 

The space A contains the subspace A' = S^A. Therefore, in order to separate the maximal 
linearly independent set, one must take the factor space A = A/(L_iA LliA) instead 
of A. The space A admits a similar decomposition as a direct sum of eigenspaces of Lq. 
It follows that the formula of the character for A takes the form 

+ 00 1 

^° = (^-«'\n(r3irt5. (3.4) 

The dimensionalities of the subspaces A^ can be determined from the character formula 

oo 

5]gMim(A,) = (l-g)xo + g- (3.5) 

s=0 

On the other hand, the module V of the primary field V,^^^ can be constructed by 
successively applying the generators L_fc and with A;, / > to the primary field Vji^. 

This space V and the corresponding factor space V = V/L_iV may also be decomposed 
in a direct sum of Lq eigenspaces: 

00 

y^0yW, LoVP^sVj'K (3.6) 

s=0 
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The dimensionalities of Vj^^ in this factor space associated with the relevant field 

At) 
(1,1) 

are given by the character formula 



^S) = (3.7) 



Y: dim(yW) = (1 - g) , (3i 

;=N/2 



(1,1) 



where 



= ^^'^-'^ n 7^ 7T7T 731757 ' (3-9) 

A!?n = - fl - -A-^] ■ (3.10) 

16 V p(p + 1) y ^ ^ 

When the dimensionalities of t/*-*-' (calculated from (p.8|) , (|3.9| )) are compared to those of 
Ag+i, we see that for s = 1,3,5, .. . the dim(As+i) exceeds the dim{Vj^^) at least by the 
unity, i.e. dim(As+i) > dim{Vj^^), s = 1, 3, 5, . . . . This proves that the model 

S^ = Sp + X J d^ze'^"^^'''^ a,.{z,z) (3.11) 

possesses an infinite set of non-trivial IMs. We note here that there are no such IMs for 
perturbations by the operators V^^*^ with n,m>l. 

We now briefly study the renormalization group flow behaviour in the vicinity of the 
fixed point. 

Solving the Callan-Symanzik equation up to third order, one can obtain the j3- 
f unction 

(3 = eg (l^I,gA+0{g'). (3.12) 



(') 1 



6 

In the above equation, we have denoted 

e = l-Ag,) (3.13) 

and 



Y 



J d'z, J d'z, (V(/))(^1, zi)<,\)(^2,^2)V^(S)(l, 1)V^S)(0,0)) . (3.14) 

Since F > 0, we conclude that there is no reason to expect the exsistance of any non-trivial 
zeros of the /3-function. In the absence of zeros, the field theory described by the action 
( |3.11 ) has a finite correlation length Rc ~ X'^^"^^ and the spectrum consists of particles 
with non-zero mass of order m ~ Rc^- In this case, the IMs force the scattering of the 
particles to be factorizable, i.e. there is particle production, the set of particle momenta 
is preserved, the n-particle S'-matrix is a product of 2-particle S'-matrices etc. 
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4 Infinite Quantum Group Symmetry 

In this section we briefly review the method developed in ref. and then we apply it to 
our model. 

We consider a CFT perturbed by a relevant operator with zero Lorentz spin. The 
Euclidean action is given by 

= ScFT + ^ J Vpertiz, z) , (4.1) 

where the perturbation field can be written as Vpert{z,z) = Vpert(-2)^pert(^) (or a sum of 
such terms but in our case this is irrelevant). Let us assume that for the conformal invari- 
ant action S'cft there exist the chiral currents J{z), J{z) satisfying equations d^J{z) = 0, 
dzJ{z) = 0. Then for the action (|4.1| ) Sx, the perturbed currents, which are local with re- 
spect to the perturbing field, up to the first order, are given by Zamolodchikov's equations 



(4.2) 

d,Jiz,z) = Xf,^^Vp,,t{z,uj)J{z) . 

The condition for the conservation of the currents up to first order in perturbation theory 
is that the residues of OPEs appearing in the above contour integrals are total derivatives: 

Res(\/pert(u;)J(z)) =d^h{z) , 

(4.3) 

Res(Vpert{uj)J{z)) = djh{z) . 
Then Zamolodchikov's equations for the currents are written in the form 

d-J{z,z) = d^H{z,z) , 

(4.4) 

d^J{z,z) = d^H{z,z) , 

where the fields H, H are 

H{z,z) = \[h{z)Vp,,,{z) + ..] , 

(4.5) 

H{z,^) = \\Vp,n{z)h{-z) + ..] , 
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where the dots represent contributions coming from terms in the OPEs which are more 
singular than the residue term. The conserved charges following from the conserved 
currents ( ^^ ) are 

(4.6) 

Q = J ^j + j . 

Using the non-trivial braiding relations between the conserved currents, one can obtain 
the g-deformed affine Lie algebra for the conserved charges (|4.6| ). 

We are now going to implement the above construction of non-local charges for the 
theory described by the action (|3.11|) . We will thus derive the g-deformed Lie algebra 
underlying the theory. Using the construction explained above, we can show that the 
action ( 3.11 ) admits the following non-local conseved quantum currents: 

= d^H , 
dJ = d.H , 



where 



H{z,z) = A A : e*^"+"°/^)'^^^)e*'^^+'^^'^"*^^^a(z)e*^^*^^^: 



and 



In the derivation of ( [4.8| ), we used the OPEs 

a{z) a{x) = {z- xf-^l^ : e^'^^"^^) : + . . 

a(^)a(x) = {z- xf-^l^ : e^^^"(^) : + . . 



(4.7) 



(4.8) 



a = -(15/8 + P)/(ao + 4A;Vao) , 

b = 2ka/ao , (4.9) 
A = ao/2(a + ao/2) . 



(4.10) 
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From the continuity equations ( |4.7] ) we define the conserved charges 

(4.11) 

To find the commutation relations between the charges Q and Q, we must first derive the 
braiding relations of the non-local conserved currents J, J. To this end we will make use 
of the well known identity 

= et^'^l , [A, [A, B]] = [B, [A, B]] = . (4.12) 

We then obtain the following braiding relations 

^iaip{z)^ibip{z') _ ^^^iTrab ^ibtp{z') ^iaip{z) Z ^ z' 

^iaip-{z)^ibip-{z') _ ^^iwab ^ibtp' (z') ^iaip- (z) Z ^ z' 



(4.13) 



^iaTp(z) ^ibTp(z') _ ^±iTTab ^iblpCz') ^iaip{z) 'Z^'z' 

^iaTp~ {z) ^ibTp~ (^') _ ^iinab ^ibTp~ ^iaip~ (z) 2' ^ 
^iaip{z) ^ibTfiCz') _ ^i-Kab ^ibTpCz') Qiaip{z) ^/ 

^iaip-{z)^ib~{z') _ ^inab ^ibTp' (z') ^iaip' (z) \-j ^ -^t 

Using the representation of the twist fields a, a in terms of scalar bosonic fields which was 



proposed in ref. JT^, we can derive the following braiding relations: 

a{z)a{z') = e^*"/8 a(z')^(^) , z ^ z' , 

W(z)w(z') = e^'^l^ ^(^')^(^) , ^ ^ ^' , (4.14) 
a(^)a(^') = e^'^l^a{^')a{z) , Vz,^' . 
Consequently the non-local conserved currents have the non-trivial braiding relations 

J(x,t)J(2/,t) = q^l{xj,t)J[x,t) , (4.15) 

12 



where 

q = e-'^ , u = 1/8- aa-bb . (4.16) 

Using the above braiding relations and the expressions (|4.8| ), one finds that the con- 
served charges satisfy the relations 

QQ - q'^QQ = — f idzd, + ^e*('^+"o/2)^{.)gi(b+fc)v-(^) ^ 
2Txi Jt 

Now let us recall that the scalar field (p~ lives on the orbifold and hence the 

momentum k must be quantized. Therefore, the above relations must be transformed to 

iTXl — Jt 

X g*(a2'"+ao/2)¥'{2)+i(aJj-+ao/2)^(2) ^ 

where 

f^nm ^ J^rvm^^^ g') = | + (m + ^) f , (4.19) 
^nm _ ^^m^^^ g') = | - (m + ^) f . 

The constants a^"^, a^™", fej*", 6^™", A^™', A^™' are obtained from the relations ([4.9|) and 
e,e, e' G {0, 1}. 

Finally, the topological charge for the model ( p.ll|) is defined as follows: 



/ + 00 f+OO 
-OQ J —OO 

/+00 r+oo 
dxdx{(p + ^)+ dxdx{(p~ +^~) 
-OO J —OO 

= Ttop + Ttop + T^^p + T^p , (4.20) 
where $, $^ and the quasi-chiral components ip,Tp,ip~ ,Tp~ are related by the following 
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equations: 



^(x, t) = i (<l>(x, t) + rfy dMy, t) 
if{x,t) = i ($(a;,t) ciyai$(2/,t)) , 



(4.21) 



[X. 



These equations guarantee that ^ = (f + ip and $~ = Taking into account all 

these, the right hand side of the equation ( [4.171 ) can be reexpressed in terms of the usual 
topological charges charge in ([4.20|) : 

_ q-,. = — y A^A'T [1 - e*('^™+-o/2)T,op+i(ar+"o/2)r,.p ^ 

^gi(f>2™+fc£™)T-p+i(6S'"+fc^-)T-pj ^ (^4^22) 
Then, one can easily calculate the commutators 

[Jtop,Ve J — % Ve ; [Jtop,V? J " ^i? V? ) 



(4.23) 



Thus, these commutation relations ( [4.23| ) together with the relations ( [4.22| ) constitute the 



algebra, to the lowest non-trival order in perturbation theory, which is the symmetry of 
the S'-matrix of the theory. 

Unfortunately, the isomorphism between the algebra (|4.22|) , (|4.23|) and the Hopf algebra 
has not been established yet, and, hence, the universal i?-matrix of this hidden Hopf 
algebra has not been studied. However, we are going to make some additional comments 
about these open questions in the near future. 



5 Conclusions 

To summarize, in the present paper we have introduced a new integrable model in quantum 
field theory. The novelty of the model resides in the fact that it is built on a hyper-elliptic 
surface instead of the usual Euclidean plane. The quantum symmetry of the model has 
been identified in terms of the non-local conserved charges. This has led to a generalization 
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of the method first introduced by Bernard and LeClair |^ for the affine Toda field theories 
where only boson fields are involved. As is understood very well by now, the quantum 
non-local conserved charges provide a quantum field theoretic basis for understanding 
quantum groups. Unfortunately, the mapping from the physical algebra satisfied by the 
non-local charges to the g-deformed Lie algebra has not been discovered yet. If this 
mapping is found, one will be able to study the universal i?-matrix and consequently 
uncover the structure of the S-matrix. 
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